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Abstract. For an arbitrary group G, a (semi-) Mackey functor is a pair of 
covariant and contravariant functors from the category of G-sets, and is re- 
garded as a G-bivariant analog of a commutative (semi-)group. In this view, 
a G-bivariant analog of a (semi-)ring should be a (semi-)Tambara functor. A 
Tambara functor is firstly defined by Tambara, which he called a TNR-functor, 
when G is finite. As shown by Brun, a Tambara functor plays a natural role 
in the Witt-Burnside construction. 

It will be a natural question if there exist sufficiently many examples of 
Tambara functors, compared to the wide range of Mackey functors. In the 
first part of this article, we give a general construction of a Tambara functor 
from any Mackey functor, on an arbitrary group G. In fact, we construct a 
functor from the category of semi-Mackey functors to the category of Tambara 
functors. This functor gives a left adjoint to the forgetful functor, and can be 
regarded as a G-bivariant analog of the monoid-ring functor. 

In the latter part, when G is finite, we invsetigate relations with other 
Mackey-functorial constructions — crossed Burnside ring, Elliott's ring of G- 
strings, Jacobson's .F-Burnside ring — all these lead to the study of the Witt- 
Burnside construction. 



1. Introduction and Preliminaries 

For an arbitrary group G, a (semi-)Mackey functor is a pair of covariant and 
contravariant functors from the category of 'G-sets'. More precisely, as denned 
in [1], if we are given a Mackey system (0,0) on G, then subcategories of the 
category of G-sets cSetc and G^etc^o are associated, and a Mackey functor is a 
pair M = (M*,M*) of a covariant functor A/*: cSetc.o ~> Ab and an additive 
contravariant functor M* : cSetc —> Ab. If G is finite, we obtain an ordinary 
(semi-)Mackey functor on G as in Remark 1.6. 

As in [15], for any finite group G, a (semi-)Mackey functor can be regarded as 
a G-bivariant analog of a commutative (semi-)group. In fact if G is trivial, the 
category of (semi-) Mackey functors are canonically equivalent to the category of 
commutative (semi-)groups. In this view, a G-bivariant analog of a (semi-)ring will 
be a (semi-)Tambara functor. A Tambara functor is firstly defined by Tambara in 
[13], which he called a TNR-functor, for any finite group G. As shown by Brun, a 
Tambara functor plays a natural role in the Witt-Burnside construction ([4]). (See 
Fact 3.3 in this article.) 
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It will be a natural question if there exist sufficiently many examples of Tambara 
functors, compared to the wide range of Mackey functors. In this article, we give a 
general construction of a Tambara functor from any Mackey functor, on an arbitrary 
group G. In fact, we construct a functor from the category of semi-Mackey functors 
to the category of semi- Tambara functors. More precisely, in Theorem 2.12, for any 
Tambara system (Definition 2.1) (C,Oc,O m ) on G, we construct a functor 

S: SMack( C ,o.) -> S Tam (c,o.), 

where SMack^c.o.) an d STam(c,o.) are appropriately defined categories of semi- 
Mackey and semi- Tambara functors, respectively: 

Theorem 2.12 . Let (C, Oc, £>•) be a Tambara system on G. The construction of 
Sm m Proposition 2.11 gives a functor 

S: SMack( C ,o.) ->• STam( C ,o.)- 
Composing <S with other known functors, we obtain functors 

T: SMack( C ,o.) -> Tam^ c ,o.), 

M ack(c,o.) -> STam( C ,o.), 

Mack(c,o.) -> Tam( C ,o.), 

where Mack(c,o,) an d Tam^co.) are the categories of Mackey and Tambara func- 
tors, respectively. 

Moreover in Theorem 2.15, we show S is left adjoint to the forgetful functor 
STam,(c,o.) -> SMack (c ^ 0t) . 

Theorem 2.15 . Let (C, Oc,0,) be any Tambara system on G. The functor 
constructed in Theorem 2.12 

S: SMack(c,o.) ~ * STam^c,o,) 
is left adjoint to the forgetful functor /j,: STam^co.) ~ * SMack(c,0.)- 
As a corollary, composition 

T = -yoS: SMack( C ,o.) -> Tam (c,o.) 

is left adjoint to the forgetful functor [ioU: Tam^c,o.) ~ * SMack(c,o.) (Corollary 
2.17). Thus Theorem 2.15 means that T can be regarded as a G-bivariant analog 
of the monoid-ring functor. 

In the latter part of this article, we restrict ourselves to the finite group case, 
and investigate the connection to other constructions, especially in relation with 
the Witt-Burnside construction. 

Firstly in section 3.1, we show the relation with the crossed Burnsidc ring. In 
fact, if we are given a G- monoid Q, then by applying Corollary 2.17 to the fixed 
point functor Vq associated to Q, we obtain a Tambara functor T-p Q ■ This general- 
izes the crossed Burnsidc ring functor in [11], [12]. Indeed, if Q is a finite G-monoid, 
we have an isomorphism of Tambara functors between Tv Q and the crossed Burnside 
ring functor VLq: 

Tv q — 

Secondly in section 3.2, we show the relationship with the Witt-Burnside con- 
struction. Historically, Tambara functors were applied to the Witt-Burnside con- 
struction firstly by Brun: 
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Fact 3.3 (Theorem B, Theorem 15 in [4]). For any finite group G, the evaluation 
at G/e 

Tam{G) -> G-Ring ; T ^ T{G/e) 

has a right adjoint functor Lq. Here, G-Ring denotes the category of G-rings. If G 
acts trivially on a ring R, then for any subgroup H < G, there is an isomorphism 

W H (R) = L G (R)(G/H). 

Here W#(i?) is the Witt-Burnside ring associated to H and R. Combining this with 
Theorem 2.15, we obtain an isomorphism of functors, which gives a description of 
the Witt-Burnside ring of a monoid-ring: 

Theorem 3.9 . For any finite group G, there is an isomorphism of functors 



H = To£. 



Man — ^ SMack(G) 



T 



Ring ^ Tam(G) 



Here, C is the functor defined in Claim 3.8. Theorem 3.9 can be also regarded 
as an enhancement of the Elliott's isomorphism of rings (Theorem 1.7 in [6]) to a 
functorial level. 

Thirdly in section 3.3, relating our construction to Jacobson's F-Burnsidc ring 
functor, we investigate the underlying Green functor structure of 7m. Jacobson 
functorially associated a Green functor Af to any additive contravariant functor 
F ([8]). In fact, this functor gives the underlying Green functor structure of 7m- 
Namely, we have an isomorphism of Green functors 7m — Am* ■ In this view, 
Theorem 2.12 can be restated as follows: 

Theorem 2.12' . Let G be a finite group and F be an object in Madd(G). If F 
is moreover a semi-Mackey functor, i.e., if there exists a semi-Mackey functor with 
the contravariant part F, then Af has a structure of a Tambara functor. 

In turn, as an application of Theorem 2.12', we can endow a Tambara functor 
structure on the Braucr ring functor defined by Jacobson (Corollary 3.20). 

Moreover, combining this with Theorem 3.13 in [9], the underlying Green functor 
structure is also written by using Boltje's (— ) + -construction. Namely, we have an 
isomorphism of Green functors 7m — (7£z[m*])+ (Corollary 3.24). 



Throughout this article, we fix an arbitrary group G. Its unit element is denoted 
by e. H < G means H is a subgroup of G. aSet denotes the category of (not 
necessarily finite) G-sets and G-equivariant maps. The category of finite G-sets is 
denoted by oset. For a G-set X and a point x e X, we denote the stabilizer of x by 
G x . For any H < G and g G G, 9 H and H 9 denotes the conjugation 9 H — gHg -1 , 
H 9 = g^Hg. Monoids are assumed to be commutative and have multiplicative 
units 1. (Semi-)rings are assumed to be commutative, and have additive units and 
multiplicative units 1. We denote the category of monoids by Mon, the category 
of (resp. semi-)rings by Ring (resp. SRing), and the category of abelian groups 
by Ah. A monoid homomorphism preserves 1, and a (semi-)ring homomorphism 
preserves and 1. 
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For any category K, and any pair of objects X and Y in K,, the set of morphisms 
from X to Y in /C is denoted by K.(X,Y). For each X 6 Ob(/C), the comma 
category of /C over X is denoted by fC/X. 

Definition 1.1 ([1]). A Mackey system on G is a pair (C,0) of 

(a) a set C of subgroups of G, closed under conjugation and finite intersections, 

(b) a family O = {0(H)} HeC of subsets 

0(H) C C(ff), 

where C(H) is defined by C(H) = {U G C | U < H) for each H eC, 
which satisfies 

(i) [H : U] < oo 

(ii) O(tZ) C O(ff) 

(iii) O(gHg^) = ffC^- 1 

(iv) u n V G O(V) 

for all if e C, U e O(iT), G C(ff) and g G G. 

Example 1.2. Let C be a set of subgroups as in (a) in Definition 1.1. If we define 
O c = {O c (H)} HeC by 

O c {H) = {U G C{H) | [H : U] < oo} 

for each H <E C, then (C, Oc) is a Mackey system. 

In particular, if G is a topological group and C is the set of all closed (resp. open) 
subgroups of G, we call (C, Oc) the natural (resp. open-natural) Mackey system on 
G (Definition 2.4 in [10]). 

Definition 1.3. For a Mackey system (C, O) on G, define subcategories G^etco Q 
aSetc of G'S'ef as follows. 

(1) aSet c is a full subcategory of cSet, whose objects are those X G Ob(cSet) 
satisfying G x G C for any x E X . 

(2) oSetc^o is a category with the same objects as aSetc, whose morphisms 
from X to Y in aSetc^o are those / G oSetc(X, Y) satisfying the following. 

(i) / has finite fibers, i.e., f~ 1 (y) is a finite set for each y G Y. 

(ii) Gz G 0(G/( X )) for each a; G X. 

Remark 1.4. It can be easily seen that morphisms in cSetc,o are stable under 
pull-backs in aSetc- Namely, for any pull-back diagram in cSetc 

X ,J ^Y' 



□ 



/' 

X^Y, 

9 G G Set c . (X,Y) implies 3 ' G G Set c ,o( x '> Y ')- 

Definition 1.5. A semi-Mackey functor M is a pair (M*, M*) of 

(a) contravariant functor M* : cSet c — > Mon, 

(b) covariant functor : aSet^o — > Mon, 
satisfying the following conditions. 

(MO) M*(X) = M*(X) for each X G OtycSetc). We put M(X) = M*(X) = 
M*(X). 
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(Ml) (Mackey condition) If 



a 7 — *-y 



□ / 

is a pull-back diagram in cSetc with g e aSetc,o{X, Y), then 
M*(f) o M*(g) = M*(g') o M*{f). 
(M2) (Additivity) For any direct sum decomposition X = \\X\ in cSetc, the 

AgA 

natural map 

(M*(i x )) XeA : M(X) -> [] M(X A ) 
AeA 

is an isomorphism, where i\ : X\ ^ 1 (A 6 A) are inclusions. In particular, 
M(0) is trivial. 

A semi-Mackey functor M is a Mackey functor if M(A) is an abelian group 
for each X e Ob(aSetc), namely if M* and M* are functors to Ab. A morphism 
of (semi-) Mackey functors from M to N is a family of monoid homomorphisms 
tp = {(px ■ M(X) — > N(X)}xeob( G Set c )i which is natural with respect to both the 
contravariant part and the covariant part. The category of semi-Mackey functors 
(resp. Mackey functors) on (C, O) is denoted by SMack( C ,o) (resp. Mack( C ,o))- 

Remark 1.6. Originally in [1], when G is a profinite group, the open-natural Mackey 
system is called the finite natural Mackey system. A Mackey functor on a finite 
natural Mackey system is also called a G-modulation. 

In particular when G is a finite group, regarded as a discrete topological group, 
then the natural and the finite natural Mackey systems coincide, and we abbreviate 
the category of semi-Mackey functors on the (finite) natural Mackey system on G 
to SMack(G). 

In the ordinary definition of a Mackey (or a Tambara) functor, we work on the 
category of finite G-sets, instead of a Set. However, by the additivity of a Mackey 
(or a Tambara) functor, the resulting categories become equivalent. Of course, if 
we restrict ourselves to finite groups, then the same arguments as below are also 
possible using the category of finite G-sets. 

Also remark that if G = {e} is trivial, the evaluation at the trivial one-point 
G-set {e} gives an equivalence of categories 

SMack({e}) ^ Mon ; M ^ M({e}). 

Similarly, Mack({e}) is equivalent to Ab. 

Example 1.7. Let (C, O) be any Mackey system on G. For any G- monoid Q, there 
exists a naturally associated semi-Mackey functor Vq G Ob(Macfc(c j o)), which we 
call the fixed point functor valued in Q, as follows. 

(a) For each X e Oh( G Set c ), define Vq by 

V Q {X) = G Set(X,Q). 
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(b) For each morphism / G G Setc(Y,X), 

V* Q (f): G Set(X,Q) -> G Set(Y,Q) 

is defined as the composition by /. 
(b) For each morphism g G G Setc,o(Y, X), 

V Q *{g): oSet(X,Q) G Set(Y,Q) 

is defined by 

^es _1 (!/) 

for any a £ G Set(X, Q) and y <EY. 

2. Tambarization of a Mackey functor 

2.1. Review on Tambara functors. A Tambara system (C,0+,0.) on G con- 
sists of two Mackey systems (C, 0+) and (C, 0.) satisfying some compatibility con- 
ditions for exponential diagrams (see [10]). In this article, we only consider the 
following special case (Proposition 4.5 in [10]). As in the previous section, if one 
only consider the finite group case, then one may work over the category of finite 
G-sets, using the original definition by Tambara [13]. 

Definition 2.1. Let C be a set of subsets of G, closed under left and right trans- 
lation, finite intersections and finite unions. Put C = {H G C | H < G}. As in 
Example 1.2, (C,Oc) is a Mackey system. We say (C, Oc, C) is a Tambara system 
on G if it satisfies the following. 

(i) (C, O.) is a Mackey system on G. 

(ii) 0. satisfies i? G C.(H) for each H <E C. 

Remark 2.2. For any A, Y G Ob( G Setc), we have 

G 5ef c ^ c (A,r) = {/ G G Set c (X,Y) \ f has finite fibers}. 
Thus, for any commutative diagram in G Setc, 



f 

A A' 




X 



pe G Setc,o c (A,X) implies / G G Setc,o c {A A'). 

By the above remark, category Sc.o\x used in [10] agrees with the comma cat- 
egory G Setc o c /X, and we have the following (Definition 4.1 and Proposition 4.5 
in [10]). 

Remark 2.3. Let (C, Oc, O,) be a Tambara system. Let rj G G Setc,o.(X, Y) be any 

morphism. For any {A A A) G Ob{ G Set c o c /A), we define {U n (A) *^? ] Y) in 
Ob( G Set c ,o c /Y) by 



U V (A) = { (y,a) 



yeY, 



a 



-l 



V 

po G 



(y)- 

= id r 



> A is a map of sets, 

-My) 
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We abbreviately write A X) = (T1 V (A) A Y). For any morphism a: (A A 

X) -> (A' A X) in G< Sef C:0c /A, define U^a): U V (A Al)^ IV (A' A X) by 
II 7) (a)(y, c) = (y,ao a). Then we obtain a functor 

IV GSet c ,o c / x ~> G-Se^oc/y, 
which is right adjoint to the pull-back functor defined by 77 

A-x-: G Setc,o c /Y ~> GSetc,Oc/X- 

By this adjoint property, for any p £ GSetc,o c {A, X), we have a commutative 
diagram 



(2.1) 



X -< A -< X x U V (A) 

! n 



tt—tt(p) 



n„(A) 



where p is the pull-back of 77 by it, and A is the morphism corresponding to id n ^(A)j 
and po X becomes the pull-back of tt by n. Any commutative diagram in G^etc 



X ■< Z ■* — X' 



(2.2) 



V 



Y ■* Y' 

isomorphic to (2.1) for some p € GSetc,o c {A,X), is called an exponential diagram. 

Definition 2.4 (Definition 4.10, Remark 4.11 in [10]). Let (C,O c ,0.) be a Tam- 
bara system on G. A semi- Tambara functor S on (C,Oc,O t ) isatriplet (S*,S+,S % ) 
consisting of 

(a) a semi-Mackey functor (S* , S+) on (C, Oc) 

(b) a semi-Mackey functor (S* , S,) on (C, 0.) 

which satisfies the following conditions. 

(i) S(X)(= S*(X) = S+(X) = S.(X)) is a semi-ring for each X e Ob( G Se£ c ), 
with the addition and the multiplication induced from the monoid struc- 
tures of S*(X) = S+(X) and S (X) = S.(X), respectively 

(ii) For any exponential diagram (2.2), we have 

S+(v) o S.( V >) o S*(() = S.(n) o S+(0- 

For any morphism / in cSetc (resp. cSetc.Oc-< oSetco.), we abbreviate S*(f) 
(resp. S + (f), S,(f)) to /* (resp. / + , /.). These are called the structure morphisms 
of semi- Tambara functor S. f+ (resp. /.) is called an additive (resp. multiplicative) 
transfer. 

If S(X) is moreover a ring for each X e Ob(cSetc), then S = (S*,S + ,S,) is 
called a Tambara functor. 

If S and T are (semi-)Tambara functors, a morphism tp from S to T is defined 
to be a family ip = {ipx}xeOb( G Set c ) °f semi-ring homomorphisms ipx '■ S(X) — > 
T(X), compatible with structure morphisms. In other words, ip is a morphism of 
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(semi-)Tambara functors if and only if it gives morphisms of additive and multi- 
plicative semi-Mackey functors 

i>: (S*,S+)^(T*,T+), i>: (S* , S.) (T* ,T.). 

We denote the category of semi-Tambara functors on (C,Oc,O t ) by STam^co.)- 
(We omitted Oc, since it is determined by C.) 

Remark 2.5 (Theorem 5.16 and Proposition 5.17 in [10]). By definition, if we denote 
the multiplicative part by 5 P = (S*,S,) for each S E Ob(STam( C ,o.))i this gives a 
forgetful functor 

ii: STam,(c,o.) -> SMack( C ,o.) 
(i>:S^T) ^ (if>: S" -IT"). 

The category of Tambara functors is denoted by Tamrc,0.)- This is a full sub- 
category in STam^co.)! whose inclusion we denote by 

U: Tam {c ^ 0t) ->■ STam^ e ,o.)- 

Conversely, if we are given an object 5 in STam( C .o.)i then the correspondence 

jS: Ob( G Set c ) 3l4 K (S(X)) e Ob(Ring) 

becomes a Tambara functor, with appropriately defined structure morphisms. Here, 
Kq : SRing — > Ring is the ring-completion functor. 

Moreover, for any ip G STam^ c ,0.)(S,T), jip := {K (ip x )} xeOb( G Set c ) gives a 
morphism of Tambara functors jip : jS — > -fT, and we obtain a functor 

7: STam( C ,o.) -> Tarn (co- 
in fact, 7 is the left adjoint functor of U. (For the finite group case, see [13].) 

Remark 2.6. As in Remark 1.6, similarly to the category of Mackey functors, when 
G is finite and (C, O m ) is the natural Mackey system, then Tam^co.) 1S denoted by 
Tam(G). 

If G = {e} is trivial, the evaluation at the trivial one-point G-set {e} gives an 
equivalence of categories 

Tam({e}) -=» Ring ; T i-> T({e}). 

Similarly, STam({e}) is equivalent to SRing. 

2.2. Diagram Lemmas. In this section, we introduce some diagram lemmas con- 
cerning exponential diagrams, which will be needed later. Their proofs are straight- 
forward, and we omit them. For the finite group case, see [13]. 

Lemma 2.7. Let 77 e GSetc,o.(X,Y) be any morphism, and let (A\ ^\ X, rriA 1 ), 
(A 2 ^> X,mA 2 ) be two objects in aSetcod X ■ Assume 

X Ai ^-X x Ur,(Ai) 
r] exp I ^ 

U^Ai) 
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is the exponential diagram for each i = 1,2. If we let A be the fibered product of A\ 
and Ai over X 



A = Ai x A 2 
x 



□ 



Y, 



then 



U v (A) n -^\(A 2 ) 



□ 



n,(Ax)- 



y 



is also a pull-back diagram. If we put p = pi ow\ — p 2 o tU2 and 7r = tt\ o il^(tui) = 
7T2 o n^(n7 2 ), i/ien we ftaue an exponential diagram 

X ^— A x U V (A) 

exp 



n„(A) 



Lemma 2.8. Lei 



X A ^— Z = X x 



exp 



■U n (A) 



be an exponential diagram. If we pull it back by a morphism £ <E aSetciY 1 , Y), then 
the obtained diagram 



X 



exp 



-(n„(A))' 

is also an exponential diagram. Here, (— )' is the abbreviation of — x Y' . 
Lemma 2.9. Let (2.2) be an exponential diagram, and let 

A^— A 1 



□ 



X' 



be a pull-back diagram with p e cSetc.oc (A ^/ we ^ 

x >+jL a iJL x i x iv(A') 

Y> 



V 



Y' 



exp jy 

— n^(A') 
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be the exponential diagram, then 

£or> C'oX' 

X ^-A-^X' x U^(A') 

Y> 

v exp j p ' 

; IV (A') 

voir 

is also an exponential diagram. 

2.3. Tambarization of a Mackey functor. Fix a Tambara system (C,Oc,O t ). 
In this section, we associate a Tambara functor to any Mackey functor. In fact, we 
construct a functor S from SMack( C .o.) to STam^ c o ^ in Theorem 2.12. 
As a consequence, we obtain the following functors. 

7 o S: SMack( C ,o.) -> Tam (c,o.) 

Mack( C ,o.) -> STam,( C ,o.) 
Mack( C ,o.) -> Tarn ( C ,o,) 

Definition 2.10. Let M be a semi-Mackey functor on (C,0.). For any X G 

Ob(c5 , etc), define category M-cSetc,o c / X by the following. 

(a) An object in M- G Set c .o c / X is a pair (^4 A A, m^) of p G cSetc.oc (A X) 
and m A G M(A). 

(b) A morphism from (Ai A X,m Al ) to (A 2 ^ A, m^) is a morphism / G 
G^e^c {Ai,A 2 ), such that p 2 ° f — Pi and M*(f)(m A2 ) = m Al . 

For any two objects [A\ A A, toaJ and (^4 2 ^> A, m^) in M-aSetcod X, 
define their sum and product as follows. 

(i) (Ai 4 A, m Al ) n (A 2 3. A, m A2 ) = (Aj II A 2 p ^ 2 A, m Al H m A2 ), 

(ii) (Ai A A, m Al ) x (A 2 ^> A, m A2 ) = {A x xi 2 ^ A,m j4l *m A2 ). 

Here, m Al Um A2 G M(A 1 UA 2 ) is the pull-back of (m Al ,m A2 ) G M(A X ) x M(A 2 ) 
by the isomorphism 

{M*(l\), M*{l 2 )) : M(A 1 UA 2 )^M{A 1 ) x M{A 2 ), 

where i\ : A\ A\ II A 2 and i 2 : ^4 2 Ai II yl 2 are the inclusions. m Al * m A2 is 

the product of M*(wi)(m Al ) and M* (vj 2 )(m A2 ) in M(A\ x^4 2 ), where w\ and vj 2 

x 

are the projections in the following pull-back diagram, and p — pi o vj\ — p 2 o tu 2 . 



Ai x A 2 — ^ A 2 
x. 

□ 

A 1 - - X 



P = Pi roi = P2 ^2 



pi 

mi! *m A2 = M*(w 1 )(m Al ) ■ M*(w 2 )(m A2 ) 

The isomorphism classes of objects in M-<jSetc q c / X forms a semi-ring with 
these sums and products, which we denote by Sm (A). 

Proposition 2.11. Sm carries a natural structure of a semi- Tambara functor. 

Proof. First we construct structure morphisms for Sm- Let A, Y be any pair of 
objects in aSetc, and let (A A A, m A ) G <Sm(A) be any element. 
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(1) For any C G G Set c (Y,X), define C* : S M (X) -> S M {Y) by 
C(A A X,m A ) = {A' 4 y,M*(C')(m A )), 



where 



A' 



(2.3) 



□ 



Y 



is a pull-back diagram. 

(2) For any £ £ G Se* c , 0c (X, F), define £+ : S M {X) -»■ 5 M Q0 by 

( + (4 4l, ffl;1 ) = (^y,m A ). 

(3) For any 77 G G 5ei c ,o.(X, F), define 77. : <S M (X) -> S M (y) by 

77. (A 4l,m A ) - (y'AF,M,(p)M*(A)(m A )), 

where 



(2.4) 



is an exponential diagram. 
We only demonstrate the following. The other conditions can be shown easily. 

(i) £ + is an additive homomorphism for any £ <G GSetc,o c (X, Y)- 

(ii) 77. is a multiplicative homomorphism for any 77 G GSetc,o.{X,Y). 
(hi) (* is a semi-ring homomorphism for any ( G aSetciY, X). 

(iv) Slf is additive, namely, for any X, Y G Ob^Se^c), 

) : 5 M (X U Y) -»• 5 M (X) x <S M (^) 

is an isomorphism, where tx 5 <<y are the inclusions. 

(v) For any pull-back diagram in aSetc 



X' ■ 



Y' 



□ 



X 



Y 



with £ G G Set c ,o e ( x , Y), we have C* ° £+ = ° ('* ■ 
(vi) For any pull-back diagram in oSetc 

X'-^X 

□ 

Y' — ^Y 



with 77 G GSetc,o.(X, Y), we have (* o 77. = 77^ o £'*. 
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(vii) For any exponential diagram (2.2), we have 

Confirmation of (i), (ii), (iii) 

Let (A\ ^\ X,mA 1 ) and (A 2 A X,m A2 ) be any pair of elements in Sm(X). (i) 
is trivially satisfied, since 



P \X,m Al )U(A 2 p -\X imA2 )) = (A 1 UA 2 



;o( Pl up 2 ) 



X,m Al U m A2 ) 



( A, P -\ X, m Al ) n £+ (A 2 V A X, m A2 ) 



P2 



To show (iii), take the following pull-backs. 



A^A, 



A — > A 2 



A'^+A 



Pi 



□ 



□ 



P2 p' 



□ 



Y —^X 



A 1 — ^ X 

1 pi 



Y —^X 



(i = 1, 2) p = pi o zui = p 2 o tu 2 
From these, we obtain the following pull-back diagrams. 



A'^A' 



A'^A' 2 



□ 



C* (i = l,2), 



□ 



P2 



Thus we have 
('((i^I.m.Jxti^I,™^) 

= C*(^4 A X,M*( roi )(m Al ) • M*(tu 2 )(m A2 )) 



(A' A F, M* (C')M* (w 1 )(m Al ) • M* (C')M* (w 2 )(m Aa )) 



= (A' A y,M*(wi)M*(Ci)(m Al ) ■M*(w' 2 )M*(C 2 )(m A2 ) 



C(A 1 A X,m Al ) x C(A 2 A X,m A2 ). 



Moreover, since 



A[11 A' 2 ^Iy 



C1UC2 



II A 2 



□ 



piUp 2 



is a pull-back diagram, we have 

C*((^i A X,m Al ) E (A 2 A X,m A2 )) 



= K n A' 2 P H 2 Y, M*(Ci u C 2 )(m Jll II m A2 )) 
= (^IIA, P ^ F,M*(Ci)(m Al )nM*(C 2 )(m A2 )) 
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To show (ii), we use the notation in Lemma 2.7. For any pair of elements 
(Ai A X,m Al ) an d {A 2 ^ X,m,A 2 ) m Sm{X), we have 

V .((A 1 ^X,m Al )-(A 2 ^X,m A2 )) 

= 7j.(A A X,M*(n7!)(m^) • M*(tu 2 )(m A2 )) 

= (p n (A)$Y,M4p)M*(\)(M*(wi)(m A J-M%W2)(m Aa ))), 

t?. (Ai 4 X, m Al ) • 17. (A 2 ^ X, m A2 ) 

= (n^(Ai) A Y,M,(p 1 )M*(Xi)(m Al )) ■ (Tl v (A 2 ) A F, M*{p 2 )M*(\ 2 )(m A2 )). 
Since we have 

M,(p)M*(A)M*(a7i) = M*(n 7? (w i ))M*(p i )M*(A i ) 

Ai x x A 2 X x y n„(A) U V (A) 

I 

Uxyn,(n,) □ n„(roi) 
Y 



A: 



. X x Y Il^A,) ^-^H n (A t ) 



for « = 1,2, we obtain 

7?. ((A x A X,m Al ) • (A 2 A X,m Aa )) = n.{M A X,m Al ) ■ V .(A 2 X,m Aa ). 

Confirmation of (iv) 

To each (A A X, m A ) G Sm{X) and (B A y,ms) G iSm(^), associate 
pii 



(iHBMiny, Af.(t A )(mA) • M,( lB )(m B )) G 5 M (AT U K), 

where t A : A AUB and is : -B M> illB are the inclusions. This gives the inverse 
of {l* x ,l* y ). 
Confirmation of (v) 

Let (A A X, m A ) be any element in Sm{X). If we take pull-backs 

p £' 

a — *- x — *- y 



□ C 



□ 



T-x — y, 



then we have 



CC + (AAx,m A ) = (A^V,M*(C")(m A )) 
Confirmation of (vi) 

We use the notation in Lemma 2.8. Let Q" G oSetc{A' , A) be the pull-back of 
C (or 0- 

p' 7)' 

a 1 — »- x' — »- y 



□ c 



□ 



a — >x — ^y 
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If we let pr z and pr n be the canonical projections induced from £ 



P r z 



□ P r n 



□ 



then 



Z'^A' 



Z^^A 

is commutative. By Lemma 2.8, we have 

V :C*(AAX,m A ) = ((U^A))' ^Y',M*(p')M*(\')M*(C')(m A )), 
Cl.{A^X,m A ) = {{n v {A))' ^Y',M*{ Wn )M*(p)M*{\){m A )). 

Since 

M,(p')M*(A')M*(C") = M*{p')M*{ Wz )M*{\) 
= M*(pr n )M*(p)M*(A), 

we obtain r]' t o ('* = o 77. . 
Confirmation of (vii) 



In the notation of Lemma 2.9, for any (A — > Z, m A ) 6 Sm(Z), we have 

T].£ + (A A Z,m A ) = r].(A X,m A ) 

= (IV(A') ^ Y,M4p')M*(C o \'){m A )) 

= v+{J^{A') ^Y>,M*(p')M*(\')M*(C)(m A )) 

= v +v :(A' ^X',M*(C')(m A )) 
= v +V :C(A^Z,m A ). 



□ 



Theorem 2.12. Let (C,Oc,O m ) be a Tambara system on G. The construction of 
Sm in Proposition 2.11 gives a functor 

S: SMack( C ,o.) -> STam^ c ,o.)- 

Proof. By Proposition 2.11, Sm becomes an object in STam^ c o.) f° r anv M £ 
0b(SMack {CtO .))- 

It suffices to construct a morphism S v E STam,(c,o.){^M ,Sn) for each ip G 
SMack(c,o.)(M, N) where M,N e Ob(SMack( C ,o.)), in a functorial way. For each 
X e Ob(c5'eic), we have a functor from M-cSetc o c /X to N-cSetc o c /X defined 

by 

M- G Set c ,o c /X -> N- G Set c ,o c /X 
{A^X,m A ) i y {A A X, ip A (m A )), 
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where ip A is the component of <p at A (monoid homomorphism from M(A) to 
N(A)). This functor preserves sums and products, and thus we obtain a semi-ring 
homomorphism 

S v (X):Sm(X)^S n (X). 

Claim 2.13. {S ip (X) \ X £ Ob(aSetc)} is compatible with structure morphisms 
of Sm and Sn ■ 

If this claim is shown, it means S v £ STam(c,0.){SM,SN)- Moreover, it can 
be easily checked that the correspondence ip i— > preserves the identities and 
compositions, so we obtain a functor S: SMack(c,0.) ~ * STamfc.o.)- Thus it 
suffices to show Claim 2.13. 

Proof of Claim 2.13. Let (A A X, m^) be any element in Sm(X). 
Compatibility with £ + 

Let £ £ cSetcoc {X, Y) be any morphism. Obviously we have 

S v (Y)o£ + (A 4l,m A ) = (A^Y,<p A (m A )) 

= t+oS v (X)(A^X,m A ). 

S M (X)^Ls N (X) 

Compatibility with r\ m 

Let 7] £ aSetc,o.(X 7 Y) be any morphism, and let (2.1) be the exponential 
diagram. Then we have 

S v (Y)o V .(A^X,m A ) = (n,(i)4y, m , ( A)M,(p)M'WW) 

= (n„(A) -4 Y,N.(p)N*(\)<p A (m A )) 
= T].oS v (X)(A^X,m A ). 

S M (X)^Ls N (X) 

Compatibility with (* 

Let C € G<S , e^c(^^) be any morphism, and let (2.3) be the pull-back diagram. 
Then we have 

S v (Y)oC(A^X,m A ) = (A' ^Y,v A ,M*(£)(m A )) 

= (A> ^Y,N*(C>A(m A )) 
= CS v {X){A^X,m A ). 
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S M {X) 


*- <->n 


[X) 


<•! 





c 


S M (Y) 




(Y) 



□ 
□ 

Corollary 2.14. Composing S with 7: STam^c,o.) ~^ r ^ am {C,0.)! we obtain a 
functor 

T="t°S: SMack( C O% } — > Tam^co.)- 

Moreover, since Mack(c,o.) * s a f u ^ subcategory of SMack(c,0.)i we a ^ so obtain 
functors 

Mack( C ,o.) -> Tarri(c,o.)- 

2.4. Adjoint property. 

Theorem 2.15. Let (C,Oc,0,) be any Tambara system on G. The functor con- 
structed in Theorem 2.12 

S: SMack( C ,o.) -> S Tam (c,o.) 

is left adjoint to the forgetful functor [i: STam^ c ,o.) — ► SMack(c,0.)- 

Proof. We construct natural maps 

$: STam {c ,o.){SM,T) -> SMack {e ,o.){M,T^) 
SMack {Ci0 .){M,T») S7bm (c ,o.)(5 M ,T) 

for each M £ Ob(5Macfc(c,o.)), T G Ob(STam(c,c>.)), and show * and $ are 
mutually inverse. 

Let n\) G STam^c o.)(<Sm,T) be any morphism. For each X G Ob^Sefe), define 
M(X) ^T^(X) by 

$(f)x(m) - ^x{X iA 4 X,m) ( v m G M{X)). 

On the contrary, for each ip G SMack( C o.)(M, T* 1 ) and X G Ob(c5ei c ), define 
vf(^) x:i SAf(X)^T(X)by 

*(<^)x(A A X,m A ) =T + (p)o<£ A (m A ) 
( V (A A X,mA) G 5m(-X"))- 

Claim 2.16. For G SMack^c Q^^M^T^^) and ip G STq,ttI(c^&^(Sm } the 

following are satisfied. 

(i) $(V>) := {$(V>)x}x e ob( G Set c ) feton^a io SMack^ c ,o.)(M^' 1 )- 

(ii) := {*(v)x}xeOb( G Set c ) &eZon#s to STam^,o.)(SM,T). 

(iii) * o = $ o \J/(<p) = ip. 
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Proof of Claim 2.16. (i) It suffices to show the commutativity of 



M( X f^T(X) 



M(xf^lT(X) 



(ia) m,(t,)| 



t.(v) 



(ib) M«( C )J Jt* 



(0 



M(Y) *T(Y). 



M(Y) ^ T(Y) . 



for arbitrary morphisms r\ G GSetc,o, {X, Y) and ( G aSetciY, X). Let m G A'/ 
be any element. 

Commutativity of (ia) follows from 

r.(#Wx(m) - T.^Vx^^^m) 

= iP Y (Y id ^ Y,M*(r,)(m)) 
= $(^) y M t (?))(m), 



since 



idx idx 
X 



exp 



idy- 



y 



is an exponential diagram. 

Commutativity of (ib) follows from 



r(()$WxH - T*(C)Vx(X^X,m) 
= ifrC{X^ X,m) 

= $W y M*(C)(m). 



(ii) It suffices to show the commutativity of 



5 M (X)"^T(X) 



S M (xf-^T(X) 



(ha) ?+J 



|t + (£) (iib) .».] 



T.(„) 



*(v)v 



T(F), 



5 M (y)— -T(F), 



5mW > ^T(X) 



(iic) c* 

S M (Y) 



T*(C) 

r(y). 



for arbitrary f G G 5et c ,o c (-X", Y), r] G cSet c ^o. (X, Y) and C G G ^c(F,I). 
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Let (A A X, m A ) be any element in Sm{X). The commutativity of (iia) follows 
from 

T + (Z)*{<p) x {A-$X,m A ) = T + (Z)T + (p) VA (m A ) 

= *{y) Y {A^Y,m A ) 
= ^{ip)YtL+{A^X,m A ). 

In the notation of exponential diagram (2.4), the commutativity of (iib) follows 
from 

T.(rj)fy(ip)x(A A X,m A ) = T.{ri)T + {p)^ A (m A ) 

= T + (v)T.(p)T*(\)<p A (m A ) 

= T + {v)<p Y 'M*{p)M*{\){m A ) 

= *(<p) Y (Y' ^Y,M*{p)M*{\){m A )) 

= V(tp) Y r).(A 4 X,m A ). 

In the notation of (2.3), the commutativity of (iic) follows from 

r(()*Hx(AAl,m A ) = T*{QT + {p)y A {m A ) 

= T + (p')T*(C)VA(rn A ) 
= T + (p')<p Y 'M*(C)(m A ) 

= *(v) Y (A' ^Y,M*(C)(m A )) 
= y(<p) Y e(A^X,m A ). 

(hi) Let X be any object in aSetc- For any m G M(X), we have 

(*o*(<p)) x (m) = i&MxiX^ X,m) 

= T + (id x )<Px(m) = <px(m). 

Conversely, for any (A A X, m A ) 6 Sm(X), we have 

(* o$(f)) x (A4 X,m A ) = T + (p)$(^) A (m A ) 

= T + {p)ip A {A — £ A, m A ) 
= tpxP+(A — £ A, m A ) 
= tpx(A A X,m A ). 

□ 
□ 

Corollary 2.17. Composition 

T = -/oS: SMack( C ,o.) -> Tam^o,) 
is left adjoint to the forgetful functor [ioU: Tam^ c ,o.) — ► SMack^ c ,o.)- 
Proof. This immediately follows from Remark 2.5 and Theorem 2.15. □ 
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With this corollary, T can be regarded as a G-bivariant analog of the functor 
taking monoid-rings. Indeed if G is trivial, this is equivalent to the monoid-ring 
functor: 

SMack({e}) — Mon 



Tam({e}) >■ Ring 

3. Relation with other constructions 

In the rest, G is assumed to be finite, and we only consider the natural Mackey 
system on G, as in Remark 1.6 and Remark 2.6. In this case, we have G^et = cSetc- 
As in Remark 1.6, we may work over the category cset of finite G-sets. For example, 
M-cSetc,o c /X in Definition 2.10 is replaced by M-cset/X . 

3.1. Relation with the crossed Burnside ring. Let Q be a (not necessarily 
finite) G-monoid, and Vq be the fixed point functor associated to Q (Example 
1.7). By Theorem 2.12, we obtain a Tambara functor Tj> Q - Recall that we have a 
sequence of functors 

G-Mon -A SMack(G) Tam(G), 

where G-Mon is the category of G-monoids. 

We show Tv Q generalizes the crossed Burnside ring functor in [11], [12]. Indeed, 
if Q is finite, we construct an isomorphism of Tambara functors between Tv Q and 
the crossed Burnside ring functor, in Proposition 3.2. 

First we recall the definition of the crossed Burnside ring. 

Definition 3.1. (§4.3 in [11]) Fix a finite G-monoid Q. The category of crossed 
G-sets G-xset/QX is defined as follows. 

(a) An object in G-xset/QX is a triplet (A A X,m A ) of a finite G-sct A, 
G-maps / £ a se t(A, X) and jua £ Gset(A,Q). 

(b) A morphism from (Ax ^> X,m Al ) to (A 2 A X, rriA 2 ) in G-xset/QX is a 
G-map / e G se t(Ai, A 2 ) satisfying p 2 o f = p 1 and itia 2 ° f = m Al - 

f f 
A 1 s- A 2 A 1 ^ A 2 



o / \ 

X Q 



In G-xset/QX, for any pair of objects (Ai ^\ X, m^J (i = 1,2), their sum 
(^coproduct in [11]) and product (=tensor product in [11]) are 

(A, 4 X,m Al ) + (A 2 V A X,m A2 ) = (A 1 II A 2 P1 -^? X, m Al U m Aa ), 
(Ax A X, m Al ) ■ (A 2 A X, m,A 2 ) = (Ax x x A 2 4 X, m Al * m A2 ), 

where 

Ax x A 2 A 2 
x 
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is a pull-back diagram, p = p\ o w\ — P2 ° zu2, and m,A 1 * mA 2 is denned by 
m,A 1 * mA 2 (ai 1 a 2 ) = mA 1 ( a i) m A 2 {a 2 ) ( V (ai,a 2 ) G Ai Xx A 2 ). 

The crossed Burnside ring fig(X) is denned to be the Grothendieck ring of this 
category: 

n Q (X) = K (G-xset/QX) 

Remark that if Q is trivial, then CIq(X) is nothing other than the ordinary 
Burnside ring Q(X). As shown in [11] and [12], has a structure of a Tambara 
functor. For any / G cset(X,Y), the structure morphisms /*, /+, /. are defined 
in the following way, which generalizes those for the ordinary Burnside ring functor 

n. 

(i) /* : Qq(Y) — > Qq(X) is the ring homomorphism induced from 
f*(B 4 Y,m B ) = (A 4 X,m B o /') ( V (B 4 F,m s ) G Ob(G-xset/QY)), 
where 



□ 



X^Y 

is the pull-back. 

(ii) /+ : CIq(X) — > 17g(y) is the additive homomorphism induced from 

f+(A 4 X,m A ) = (A ^4 Y, mi) ( v (^ 4 X,m A ) G Ob(G-xset/QX)). 

(hi) To define /. : Qq(X) — > Qg(y), remark that there exists a ring isomor- 
phism 

Oq(X) x Q), 

which takes (A — > X, iua) to (A - — > X x Q). From this, we can import 
the multiplicative transfers into £Lq from those for the ordinary Burnside 
ring functor J7. Let 



X^X x Q^-X x Tlf(X x Q) 



f 



exp j/' 

Y ■< U f (XxQ) 

be an exponential diagram, and let 

At/: 11/ (X x Q) ->■ y x Q 
be a morphism defined by 

Vf{y,(r) = {y, n a W> 

for any (y, cr) £Hf(X x Q). Remark that 11/ (X x Q) and e is 

°" : / 1 (y) — > A" x Q is a map of sets, 
p x o cr = id/-i (y ) 

and e is defined by e(x, (y, cr)) = <r(x) for any (x, (y, a)) <E X x II/(X x Q). 



n/(lxQ)= (y,a) 
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Using these, define /. : Qq(X) — > Qq(Y) by 

/. = (n Q {x) = Q{x x Q) -A n(xx Y u f (x x q)) 

n(u f (x x q)) 
(A H + n(YxQ) = n Q (Y)), 

where f' % is the multiplicative transfer for the ordinary Burnside ring functor 
defined in [13]. For any S G Ob{ G set/(X x Y Ii f {X x Q))), its image f',(S) 
is defined to be II// (5), by the exponential diagram: 

X x U f (X x Q)^S^- 
/'| exp 
Hf(XxQ)^ IL f ,(S) 

Proposition 3.2. For any finite G-monoid Q, there is a natural isomorphism of 
Tambara functors 

— 

V- >Vq > ^Q- 

Proof. For each X G Ob(oset), categories G-xset/QX and VQ-aset/ X in Defini- 
tion 2.10 are obviously equivalent, through the natural functor 



G-xset/QX V Q - G set/X 

(AA-X,m A ) i-> (A^X,m A ), 
f ^ f. 



object : 

morphism: / /. 

Since this functor is compatible with sums and products, it yields a ring isomor- 
phism ipx- 7vq(X) ^> Qq(X). So it remains to show ip — {ip x} xeOb( G set) is 
compatible with the structure morphisms of Tv Q and Qq . 

Let / G G set{X 1 Y) be any morphism. Obviously ip is compatible with / + and 
/*. Thus it suffices to show the compatibility with the multiplicative transfer /,. 
By the construction of /. = (7v Q )»(f) = (lS-p Q ),(f), it is the only algebraic map 
(see [5] for the definition) which makes the following diagram commutative. 

S Vq (X)C *T Vq (X) 

S Vq (Y)( *T Vq (Y) 

Since /, : £Iq(X) — > Qq(Y) is also an algebraic map as is a multiplicative trans- 
fer, it suffices to show the commutativity of the following diagram. 

s VQ (x)<^Tv Q (x)^n Q (x) 



{Sr Q ).U)\ J/. 
S VQ (Y)^Tv Q (Y)^n Q (Y) 
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Take any element (A A X, tua) £ S-p Q (X). We use the notation in Definition 3.1. 
If we let 

X^X xQ^X xn f (X x Q)+± A'^Z 



exp 



Y 



ji" exp 
n/(IxQ)^- 



n 



be two exponential diagrams, where 

A < 



A' 



(p,m A ) 



□ 



— X x 11/ (X x Q) 

is a pull-back, then by Lemma 2.9, the following diagram becomes an exponential 
diagram. 



f 



exp 



— n 

Thus, composing appropriate isomorphisms, we may assume 

II = Tlf(A) = < (y, a) a: f 1 (y) — > A is a map of sets, 

I P ot7 = [d f-Hy) 

Z = Xx Y Tlf(A). 

Let pi : X x Q — > Q and p 2 : Y x Q — > Q be the projections onto Q. By the 
definition of /. : Oq(X) — > Qq(Y), we have 

f.o<p x (A-$X,m A ) = y^'fi^'lxQ) 

= (M/) + /:(^'4xxn / (Xxg)) 

= ( M/ )+(n4n / (XxQ)) 

= (n^yxQje^xQ)^^)). 



On the other hand, 

{<p Y o{S VQ ).){f){A^X,m A ) = (n^y i p,(c'oA) , (m A )) 

= (n^y,p,(m A oe'oA)) 

= (n^y, P ,( Pl o e o(ix rro ))) efi (y). 

Thus it remains to show these two elements coincide, under the isomorphism 
Q(Y x Q) = f2g(F). Since pr y o [i Y o zu — tt o zu, it suffices to show 

(3.1) P2 o jif o zu — o e o (X X Y tz))- 

Let (y,cr) £ 11/ (A) = H be any element, where cr: f~ 1 (y) — > A is a map of sets. Its 
image under w can be written as 

™{y,v) = (y,T), 
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with some map of sets t: f 1 (y) — > X x Q. Then we have 
p 2 ofi f ozu(y,a) = p 2 °Hf(y,T) 

n (pi^w)). 

p»(ftoeo(Ix y ro))(i/,(T) = J| ((pi oeo (X x Y tu))(x, (y,a))) 

IJ ((pioe)(x,(|,,r)) = [] (M^))), 

and (3.1) is satisfied. □ 

3.2. Relation with the Witt-Burnside construction. Let Wg(R) be the Witt- 
Burnside ring associated to a ring R and a prohnite group G. For the definition, 
see [5]. If G is finite, as we assume in this section, then the Witt-Burnside rings 
are related to Tambara functors as follows. 

Fact 3.3 (Theorem B, Theorem 15 in [4]). For any finite group G, the evaluation 
at G/e 

Tam{G) -> G-Ring ; T ^ T{G/e) 

has a right adjoint functor Lq. Here, G-Ring denotes the category of G-rings. If G 
acts trivially on a ring R, then for any subgroup H < G, there is an isomorphism 

W H (R) = L G (R)(G/H). 

Remark 3.4. If T is a Tambara functor on G, then T(G/e) carries a natural G-ring 
structure induced from T* of translations. We denote its G-fixed part by T(G/e) G . 
This gives a functor to Ring 

ev G : Tam(G) -> Ring ; T ^ T(G/e) G , 

which we call the 'G- invariant evaluation' functor. 

Recall that the functor taking the G-fixed part 

G-Ring -> Ring; R ^ R G 

is left adjoint to the natural functor 

Ring — > G-Ring ; R i? triv , 

which endows a ring with the trivial G-action. Here, i?triv denotes a ring R with 
the trivial G-action. Thus by Brun's theorem, we obtain: 

Corollary 3.5. G-invariant evaluation functor ev G : Tam(G) — > Ring has a left 
adjoint functor, which we denote by 

W: Ring -> Tam(G), 

satisfying (W(R))(G/H) W H (R) for any ring R and for each H <G. 

Remark that the category of semi-Mackey functors also admits the 'G-invariant 
evaluation' functor 

ev G : SMack{G) Mon ; M H- M(G/e) G , 
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compatible with that on Tam{G): 



T=(T*,T+,T.) Tam(G) — ^ Ring 



(3.2) 



multiplicative 
part 



(T*,T.) SMack (G) Mon 



We construct the left adjoint functor of ev G : SMack(G) — > Mon in the following. 
Remark that (cf. [3]), to give a semi-Mackey functor M on G is equivalent to give 
a data 

M(G/H) G Ob(Mon) 
rf G Mon(M(G/H),M(G/K)) (restriction) 
if G Mon(M{G/K),M{G/H)) (transfer) 
c 9 ,h e Mon(M (G/H), M {G/ 9 H)) (conjugation map) 
for each K < H < G and g G G, satisfying 

if ot£=i£, rf org = rf ( v i < v i\T < y H < G) 
C S2 ,«h °c 9 i,fl= c 323l >H ( v 5i , 52 e G, v ff < G) 
c 9 ,h o if - i$ o c 9iK ( v 5 g G, V K < v iJ < G) 
c s ,K o rf = r 3 3 f o Cfl;Jf ( v 5 G G, V K < V H < G) 
and the Mackey condition 

(3.3) rfotf= ^^VnK^MnK ( v i\T < y H < G). 

heL\H/K 

In this description, a morphism (p: M N between semi-Mackey functors M 
and N corresponds to a family ip = {^ph}h<g of monoid homomorphisms 

<p H : M(G/H) -> N{G/H) 

compatible with conjugations, restrictions and transfers. 

Definition 3.6. Let Q be a monoid. Define a Mackey functor Cq by 

£ Q (G/tf) = Q ( V H< G) 



r H K = [H: K] 
t" = idQ 
c g ,H = id<2 



Q^Q CK < y H < G) 
Q^Q ( V K <*H <G) 
Q^Q ( V 9 GG, V H<G) 



where [Zf : if] denotes the multiplication by the index [H : K]. 

Remark 3.7. Let Vq be the fixed point functor, where Q is regarded as a G-monoid 
with the trivial G-action. Then C Q (G/H) = Q = Vq{G/H) for each H < G, and 
Cq is the Mackey functor whose restrictions and transfers are reversed from Vq. 

Claim 3.8. The correspondence Q i-> Cq forms a functor 

C: Mon -> SMacfc(G), 

which is left adjoint to ev G . 

If Claim 3.8 is proven, we obtain the following. 
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Theorem 3.9. For any finite group G, there is an isomorphism of functors 
(3.4) WoZ[-]=To£. 



Mon — ^SMack(G) 



T 



Ring — Tam(G) 

Proof. Suppose Claim 3.8 is shown. Then, each functor in (3.4) is left adjoint to the 
corresponding functor in (3.2). Thus Theorem 3.9 follows from the commutativity 
of (3.2) and the uniqueness of the left adjoint functor. □ 

Proof of Claim 3.8. Let Qi, Q2 be two monoids. To each monoid homomorphism 
9: Qi — > Q2, we can naturally associate a morphism of semi-Mackey functors 
C e : C Ql Cq 2 by 

C e {G/H) = 9: C Ql (G/H) -> Cq 2 (G/H) ( v H < G), 

and obtain a functor C: Mon — > SMack(G). 

To show the adjointness, let Q £ Ob(Mon) and M e Ob (SMack(G)) be any pair 
of objects. It suffices to construct natural maps 

$: Mon(Q,M(G/e) G ) ->■ SMack (G) (Cq , M) 
6: SMack(G)(C Q ,M) -> Mon(Q, M(G/e) G ) 

which are inverses to each other. 

First we define 0. Let ip e SMack(G)(CQ, M) be any morphism. Since G acts 
trivially on Cq(G/H) = Q, the component of <p at G/e 

VG/e : C Q (G/e)^M(G/e) 

factors through M(G/e) G . This gives a monoid homomorphism 

Q — > M(G/e) G . 

Second, we define $. Let 9 e Mon{Q 1 M{G/e) G ) be any morphism. We define 
$(0) = {<&{0)h}h<g by the composition 

*(6) H = (Cq(G/H) = Q A M(G/e) G ^ M(G/e) % M(G/H)), 
for each H < G. 

Claim 3.10. $(<9) = {<S>{9) H } H < G e SMack(G)(C Q ,M). 

If Claim 3.10 is shown, then we can easily show 

$06(95) = ^ OV e SMack(G)(C Q ,M)), 
9o$(fl) = 9 ("9 E Mon{Q,M(G/e) G )), 

and thus obtain the desired adjoint isomorphism 

Mon(Q,M(G/e) G ) = SMack (G)(Cq, M). 

Thus it remains to show Claim 3.10, namely, to show the compatibility of 
{$>(9)h}h<g with the structure morphisms of semi-Mackey functors Cq and M. 
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(i) compatibility with conjugation maps 

For any g e G and H < G, we have c g .n ° &(0)h = 3>(#)(sjf) ° c g,H- 
This follows from the following commutative diagram. Remark c 9je is the 
identity on M(G/e) G . 

C Q (G/H) = Q — ^ M(G/e) GC — >■ M(G/e) M{G/H) 



H \ id ° id | 



c a,* 



£ Q (G/W) = Q M(Gj e) G( ~ *- M(G/e) — ^ M(G/°H) 

(ii) compatibility with inductions 

For any sequence of subgroups K < H < G, we have o <&(9)k = 
<&(9)h °tf . This immediately follows from the commutativity of the fol- 
lowing diagram. 

C Q (G/K) = Q — ^ M(G/e) G( ~ — *» M(G/e) M(G/K) 

*f„ id O id^ jtf 

C Q (G/H) = Q M(G/ e) GC — >■ M(G/e) M(Gj H) 

(hi) compatibility with restrictions 

For any sequence of subgroups K < H < G, we have o = < &(6')/f o 

r|£ . This follows from the commutativity of the following diagram. 

C Q {G/H) = Q — ^ M(G/e) GC — >■ M(G/e) M(G/H) 



o 



£g(G/A-) = Q — + M(Gj e) GC — >■ M(G/e) — ^ M(G/K) 



(Remark that, from the Mackey condition, we have 
r£°tf(a;) = E *f oc M(*) 

heK\H 
h£.K\H 

for any x £ M(G/e) G .) 



□ 



Theorem 3.9 also gives a functorial enhancement of Elliott's isomorphism. For 
any monoid Q and profmite group G, Elliott defined Bq(G) to be the Grothendieck 
ring of the category of G- strings over Q. The category of G-strings over Q is defined 
as follows. 

Definition 3.11 (§§ 2.2 in [6]). Let G be a profmite group, and let Q be an object 
in Mon. A G-string over Q is a pair (A, tua) of 

(a) an almost finite G-set A, 

(b) a map of sets vha ■ A — > Q, which is constant on G-orbits in A. 
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The category of G-strings is denoted by G-String/Q. For the general definition 
of an almost finite G-set, see [6]. Since we are now assuming G is finite, it is nothing 
other than a finite G-set. For each pair of objects (A, itia) and (B, m B ) 1 their sums 
and products are defined by 

(A,m A ) II (B, m B ) = (AUB,m A Um B ), 
(A,m A ) x (B,m B ) = (A x B,m A * m B ), 
where m A *m B is defined by (m A *m B )(a, b) — m A (a)-m B (b) for any (a, b) 6 AxB. 
In the context of the Witt-Burnside construction, Elliott showed the following. 

Fact 3.12 (Theorem 1.7 in [6]). For any profinitc group G and any monoid Q, 
there is an isomorphism of rings Bq(G) = Wg(Z[Q]). 

When G is finite, our construction of 7m generalizes the Elliott's ring. In fact, 
Bq(G) is obviously isomorphic to the evaluation of T of M — Cq as follows: 

Proposition 3.13. Let G be a finite group. For any monoid Q and any subgroup 
H <G, there is a ring isomorphism Tc Q (G/H) = Hq(H). 

Proof. Since there is an equivalence of categories 

C Q - G set/(G/H) -> H-Stnng/Q 

(A A G/H, m A ) i y ^{eH),™^-^^)) 

preserving sums and products, the corresponding Grothendieck rings become iso- 
morphic: 

Tc Q (G/H) = K (C Q - G set/{G/H)) = K (H - String /Q) - B Q (H). 

□ 

Since 7~c Q is a Tambara functor by Theorem 2.12, this isomorphism gives a 
Tambara functor structure on Bq. Thus, applying Proposition 3.13 to the natural 
isomorphism 

To£^WoZ[-] 

in Theorem 3.9, we obtain an isomorphism of Tambara functors 

Bq=T £q =WoZ[Q]. 

This functorial isomorphism gives back the Elliott's ring isomorphism in Fact 3.12, 
by the evaluation at G/H for each H < G. 

3.3. Underlying Green functor structure. 

Definition 3.14. Let Madd(G) be the category of additive contravariant functors 
F from c se t to Mon. As in Definition 1.5, 'additive' means that F takes direct 
sums to direct products. 

Remark 3.15. By Remark 1.6, Madd(G) can be identified with the category of 
additive contravariant functors from aSetc to Mon, and we have a natural forgetful 
functor 

SMack(G) -> Madd(G) ; (M*,M»)^M*. 
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Remark 3.16. By definition, a Mackey functor (M*, M*) is a Green functor if it is 
equipped with a bifunctorial cross product, namely, if a bilinear map 

cr: M{X) x M(Y) ->■ M(X x Y) 

is given for each X, Y G Ob(c Setc), naturally in X, Y with respect to M* and M* 
([3]). For a Tambara functor (T* , T + , T # ), the bilinear maps 

cr:T{X)xT(Y)^T{XxY) ; (x, y) ^ T*(p x )(x) ■ T*(p Y )(y), 

where px ■ X x Y — » X and py:Ixy^F are the projections, are natural with 
respect to T* and T + . Thus (T*,T + ) becomes a Green functor. This defines a 
forgetful functor Tam(G) — > Green(G), and we have a commutative diagram of 
forgetful functors. 



Tam(G) 

(T*,T + ,T.)m-(T*,T.) 

SMack(G) 



(T*,T + ,T.)h-s-(T*,T + ) 



(M* ,M,)^M* 



Green{G) 

(M* ,M,)^M* 

Madd{G) 



Proof. The proof will be also found in [14]. We briefly demonstrate the naturality 
of cr with respect to the covariant part. Take any / 6 Gset(X,X r ) and g G 
G set(Y,Y'). If we let 

X^XxY^Y, X' P £ X' xY' P ^Y', X 1 X 1 x Y % Y 



be the products, then 

X + 

f 

X'* 



Px 



□ 



7T X / 



XxY 



/Xly 



I'x7 



X'xF 



Y 



x' x y 



□ 



are pull-backs, and 

PX' o (lx' x g) = itx', Try o (/ x ly) = p Y . 
By the projection formula ([13]), for any x G T(X) and y G T(Y"), we have 
(/ x g) + ((p* x x) ■ (p* Y y)) = (l x ,xg) + (fxl Y ) + {( Px x)-{{fxl Y y* Y y))) 

= {1 X ' x g)+(((f x l Y )+p* x x) ■ (7r Y y)) 
= 0-x' x 9)+((**x'f*x) ■ {n Y y)) 
= (l x , x g)+(((l x > x gfphf+x) ■ ^* Y y)) 
= iPx'f+x) ■ ((lx> x g)+ir Y y)) 

= ip*x'f+x) ■ (p Y >g+y)- 
T(X) x T(Y) cr > T(X x Y) 



T(X') x T(Y') 



r (fxa)+ 
T(X' x Y') 



□ 



To each F G Ob(Madd(Gj), Jacobson associated a Green functor Af, which we 
call the F-Burnside ring functor, in the following way. 
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Definition 3.17 ([8], [9]). Let G be a finite group and let F be any object in 
Madd(G). For each finite G-set X, define a category (G, A, F) by the following. 

(a) An object in (G,X,F) is a pair (A A X, tiia) of a morphism p between 
finite G-sets A and X, and an element tua E F(A). 

(b) A morphism in (G,X,F) from (A A X,m A ) to (A' A X,m A i) is a mor- 
phism of G-sets f:A—¥ A' , such that p' o f = p and F(/)(m J 4') = m-A- 

Fact 3.18 (Theorem 5.2 in [8]). The correspondence F h-> gives a functor 

.4: Madd(G) -> Green (G). 

Caution 3.19. In Jacobson's paper [8], the contravariant part of a (semi-)Mackey 
functor is denoted by M#, and the covariant part is denoted by M*. Thus, M* in 
[8] is our M*, and M* in [8] is our M».) 

Since we are assuming Mon is the category of commutative monoids, the resulting 
Green functor Af becomes commutative. 

Obviously, if M = (M *, M*) is a semi-Mackey functor and if X is a finite G-set, 
then our category M- G set/X agrees with (G, X, M*). Thus, under the identifica- 
tion in Remark 1.6, we can show that there exists an isomorphism of Green functors 
((7m)*, (7m)*) — A(m*)- In fact, this gives a natural isomorphism of functors: 

SMack(G) : — > Madd(G) 



r 



A 



Tam(G) ^ Green (G) 

(T* ,T + ,T.)^(T* ,7+) 

In this view, we can restate Theorem 2.12 as follows. 

Theorem 2.12' . Let G be a finite group and F be an object in Madd(G). If F 
is moreover a semi-Mackey functor, namely, if there exists a semi-Mackey functor 
with the contravariant part F, then Af has a structure of a Tambara functor. 

As an example, Theorem 2.12' gives a Tambara functor structure on the Brauer 
ring functor in [8]. Remark that the Brauer ring functor is defined as Aj^ rl where 

Br is the additive contravariant functor defined by the composition 

Br = ( G set V -4 Ring ^ Ah ^ Mon), 

where E/D is a finite Galois extension of fields with Galois group G. 

Corollary 3.20. Let E/D be a finite Galois extension of fields with Galois group 
G. There is a Tambara functor 7~ on G, whose underlying Green functor agrees 
with Ajf r . 

Proof. This immediately follows from that Br is in fact a Mackey functor. □ 

Remark 3.21. More generally, if E/D is a finite Galois extension of rings with 
Galois group G, then Br G Ob( Madd(G)) can be defined in a similar way, and the 
same result as Corollary 3.20 holds. This follows from the fact that Br becomes a 
Mackey functor by Proposition 1 in [7]. 
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Combining Theorem 2.12' with Theorem 3.13 in [9], the underlying Green functor 
structure is also written by using Boltjc's (— +)-construction. In [2], Boltje defined 
the functor (— )+ from the category Res a \ g (G) of algebra restriction functors to the 
category of Green functors on G 

(-)+: fles alg (G) -> Green(G). 

In [9] , we constructed a functor 

K: Radd(G) -> Res alg (G) ; F ^ TZ F 

which satisfies K F (H) = F(G/H) for any F G Ob(Radd(G)) and H <G. 

Let Radd(G) be the category of additive contravariant functors from c se ^ to 
Ring. The pair of adjoint functors 

Ring — > Mon, forgetful (multiplicative part) 
Z[-] : Mon -> i?m# 

yields another adjoint pair 

Radd{G) -> Madd(G), forgetful 
Z[-]: Madd(G) -> Radd{G) 

by the composition onto the codomains. 

Caution 3.22. Although monoids and rings in [9] were not assumed to be commu- 
tative, the above adjoint property still holds. 

Remark 3.23. In [9], Radd(G) is valued in the category of not necessarily commu- 
tative rings, and therefore Radd(G) gave an equivalence of categories in that case 
(Proposition 3.12 in [9]). At any rate, restricting Proposition 3.12 in [9] to our 
commutative case, we obtain an isomorphism of functors 

(HoZ[-])+ = A. 
Madd(G) — Green(G) 



(-) 



+ 



Radd{G) Res^G) 

Namely, for each F G Ob(Madd(G)), we have a natural isomorphism of Green 
functors (7^z[i?j)+ = Af- Here, Z[F] € Ob(Radd(G)) is the abbreviation for the 
composition 

f z[-l 
csef — > Mon — > Ring. 

Corollary 3.24. For any M = (M*,M») G Ob(5Macfc(G)) 7 tftere is a natural 
isomorphism of Green functors Tm — (7^z[m*])+- 

Remark 3.25. Using the definition of (— )+ by [2], we can also determine the ring 
structure of Tm(G/H) for each H < G. For the detail, see section 3 in [9]. 
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